We theoretically study trapped ions that are immersed in an ultracold gas of Rydberg-dressed atoms. By off-resonant coupling on a dipole-forbidden transition, the adiabatic atom-ion potential can be made repulsive. We study the energy exchange between the atoms and a single trapped ion and find that Langevin collisions are inhibited in the ultracold regime for these repulsive interactions. Therefore, the proposed system avoids recently observed ion heating in hybrid atom-ion systems caused by coupling to the ion's radio frequency trapping field and retains ultracold temperatures even in the presence of excess micromotion.
Introduction -Recent years have seen significant interest in coupling ultracold atomic and ionic systems [1] [2] [3] [4] [5] with the purpose of realising quantum simulators [6, 7] , studying ultracold chemistry [8, 9] and collisions or employing ultracold gases to sympathetically cool trapped ions [10] [11] [12] . It has become clear however, that the timedependent trapping field of Paul traps limits attainable temperatures in interacting atom-ion systems [2, 3, [11] [12] [13] [14] [15] [16] [17] . This effect stems from the fast micromotion of ions trapped in radio frequency traps which may add significant energy to the system when short-range (Langevin) collisions with atoms occur.
Here, we theoretically study ionic impurities immersed in a cloud of atoms that are coupled to Rydberg states [18] [19] [20] [21] [22] [23] . By selecting a Rydberg state that is coupled to the ground state via a dipole-forbidden transition, we can change the atom-ion interaction such that it becomes repulsive for ultracold atoms. In this situation, the atoms cannot get close enough to the ion for the trap drive to add energy to the system and no excess heating takes place. Instead, the system slowly thermalizes at a rate that is compatible to the rate expected for an ion trapped in a time-independent trap. We also show that in contrast to ground state (attractive) atom-ion systems, which require the mass of the ion to be larger than that of the atom [14] [15] [16] [17] [24] [25] [26] , the proposed scheme retains ultracold temperatures for the combinations 87 Rb/ 171 Yb + and 87 Rb/ 9 Be + alike.
The paper is organized as follows: First we will describe how the atom-ion interaction can be engineered to be repulsive by coupling to a Rydberg state. Second, we will show that such an atom-ion potential does not lead to heating when the ion is trapped in a Paul trap and is interacting with a cloud of atoms. For this, we will use a classical description of the atom-ion dynamics [12, 14] . Finally we discuss possible experimental issues and limitations of our proposed system.
Dressing on a dipole-forbidden transition -We are interested in dressing an atom in the ground state |gS with a Rydberg state |nS using a single near-resonant laser field, as shown in Fig. 1 . When there are no electric fields present, such a transition is prohibited. However, the field of a nearby ion may mix |nS with Rydberg states that can couple to the |gS state via a laser field. Within the dipole approximation and using perturbation theory we obtain for the Rydberg wave function:
where E j denotes the energy of state |j , and E ion (R) with R = r i − r a , the electric field generated by an ion located at position r i , evaluated at the atomic position r a . The relative electron-atom core position projected on the electric field direction is denoted by z, where we assume a reference frame in which the local electric field E ion (R) always points in the z-direction. In this picture, only states with magnetic quantum number m L = 0 are mixed into |ψ(R) by the field. For further simplification we have neglected fine structure effects for now, which is justified when the laser detuning is much larger than the fine structure splitting of the |kP Ry-
A trapped ion (blue sphere) in a cloud of atoms (orange spheres), the atomic ground states |gS are dressed with the Rydberg state |nS with n the principal quantum number and ∆0 the laser detuning. By appropriate engineering of the Rydberg laser field, the adiabatic atom-ion potential can be made repulsive such that the atoms cannot get close enough to undergo Langevin collisions (as depicted by the sphere around the ion). To optically shield the ion in three dimensions, two laser fields are needed with linear and circular polarization as explained in the text.
dberg levels, which will usually be the case. Using expression (1) for the Rydberg state, we can estimate the Rabi frequency for one-photon coupling to the ground state Ω(R) = e ψ(R)|E L · r|gS / , where E L denotes the electric field of the laser within the rotating wave approximation and r the position of the electron in the lab-frame. Combining this equation with eq. (1), we get:
Now we can see what happens if we dress the ground state |gS with |ψ(R) . For large distances R → ∞, the transition between |gS and |ψ(R) will be dipoleforbidden and no dressing occurs. As the distance decreases, we have that the |nS state gets polarized by the ion and its adiabatic energy shift is given to lowest order by V nS (R) = −C nS 4 /R 4 [27] . We can find the dressed potential by looking at the 2-level Hamiltonian in the |gS , |ψ(R) subspace after performing the rotating wave approximation:
where we for now neglected any off-resonant couplings and assumed that the laser is blue-detuned by ∆ 0 from the |gS → |nS transition and that this detuning is much smaller than the level splitting between |nS and all other Rydberg states. In the dispersive limit, where
, diagonalisation results in the following dressed potential:
In order to proceed, we need to evaluate |Ω(R)| 2 , which now depends on the atom-ion separation. We have:
Here,
| denotes the projection of the laser's electric field onto the electric field of the ion and θ and φ denote the azimuthal and polar angle of R according to the laboratory reference frame, respectively. Combining equations (4 and 5), our final result within first order perturbation theory is:
The first term in the potential (6) is repulsive and has a maximum height A(θ, φ) = 
The latter results in a donut-shaped repulsive potential in the x, y-plane and no interaction along the z-direction. In order to make the potential repulsive in all directions we may use two laser fields coupling on the transitions |gS → |nS and |gS → |n S and such that R w = R w = (C n S
with ∆ 0 the bare detuning on the |gS → |n S transition. Employing the laser fields E z L and E + L and appropriate tuning of the laser powers, such that the Rabi frequencies are equal, results in a spherically symmetric potential A(θ, φ) = A, as described in more detail in the Appendix A.
An example of a dressed potential calculated within first order perturbation theory is shown in Fig. 2 , where we used the approximate analytic wavefunctions of Ref. [29] to evaluate the matrix elements in Eq. 5 and ∆ 0 = 2π× 1 GHz such that R w = 270 nm. We also show the potential obtained by diagonalization of the Rydberg manifold in the presence of the ion electric field and dressing laser, within the rotating wave approximation, taking spin-orbit coupling and terms up to chargequadrupole coupling into account. For these calculations, we used the quantum defects found in Ref. [28] while the Rydberg wavefunctions were obtained by the Numerov method (see Appendix D). This more accurate calculation shows good agreement with our approximated potential for atom-ion separations down to about 160 nm. At close atom-ion proximity, the |19S state gets strongly coupled to other Rydberg states, causing avoided crossings. To properly compute the dressed potential in this regime, terms beyond the charge-dipole and quadrupole interaction as well as charge exchange effects would have to be taken into account. However, for atom temperatures that are much smaller than the repulsive barrier, T a A/k B , short-range collisions between the atoms and ion are suppressed. If we assume a Rabi frequency of Ω 19P,m L =0 = 2π× 200 MHz on the |5S → |19P transition in Rb and use that the transition-matrix elements scale as kP |r|gS ∝ ∼ k −3/2 , we can estimate A/k B ∼ 27µK, which is larger than typical ultracold atom temperatures. We can therefore neglect the inner part of the dressed potential and the second term in equation (6) for these parameters in the ultracold regime, and for the remaining simulations in this work we replace
Thermalization in Paul traps -To investigate whether the dressed repulsive potential prevents ion heating out of the ultracold regime we have studied classical collisions between an ion and atoms. We assume that we have an ion trapped in a Paul trap generated by the electric fields E PT (r, t) = E s (r) + E rf (r, t) with Ref. [29] in first order perturbation theory, within the dipole approximation, and neglecting spin-orbit coupling. Here, we assumed the defects of the L − 1/2 for the L states and set the Rabi frequency on the |5S → |19P transition to Ω19P,m L =0 = 2π× 200 MHz by tuning the laser intensity. The black dots are computed by diagonalization of the Rydberg manifold in the presence of the dressing laser and ion, in the rotating wave approximation, including spin-orbit coupling, up to charge-quadrupole order in the atom-ion interaction terms. The laser intensity was set to the same value as for the approximated potential. For both calculations, we took the Rydberg states n = 10..30 into account as described in more detail in Appendix D.
Here, Ω rf is the trap drive frequency and q is the dynamic stability parameter for an ion of mass m i and charge e. The motion of the ion in the transverse x, ydirection is given by a slow secular motion of frequency
rf the static stability parameter, and a fast micromotion of frequency Ω rf . The unitless parameters α x + α y = 2 are introduced to lift the degeneracy in the transverse confinement, as is common in ion trap experiments. The ion dynamics in the z-direction is purely harmonic with trap frequency ω z .
To begin with, we assume that the ion has initially no energy and sits at the center of the Paul trap as in references [12, 14] . The idea behind this approach is that although each individual system may be prepared in the ultracold regime by e.g. laser-and evaporative cooling, it is only when the atoms and ions are brought together that excessive heating is observed [12] . In order to simulate the effect of the atomic cloud we calculate classical trajectories of Rb atoms, with the atoms appearing oneby-one on a sphere of radius 2 µm around the ion and with a velocity that is randomly picked from a MaxwellBoltzmann distribution of temperature T a . As soon as the atom has left the sphere around the ion at the end of the collision, we introduce a new atom to interact with the ion. We assume the atomic bath to be very large such that its temperature does not change as more collisions occur. After each collision, we obtain the ion's secular energy by fitting an approximate analytic solution of the equations of ion motion to the numerically obtained orbit (see Appendix B and reference [12] ). We define the ion temperature to be T ion =Ē/(3k B ) withĒ the total average secular energy of the ion. Assuming 171 Yb + for the ion, we set Ω rf = 2π× 2 MHz and ω x = 2π× 54 kHz, ω y = 2π× 51 kHz, ω z = 2π× 42 kHz.
We first study the case where the atoms are not dressed to a Rydberg state. Thus, we set the atom-ion interaction to V ai (R) = −C gS 4 /R 4 + C 6 /R 6 , where the first term denotes the ground state atom-ion induced polarizationcharge interaction and the second term accounts for some short-range repulsion, which we set to dominate for R < 10 nm. The results of averaging 100 of these simulation runs can be seen in the inset of Fig. 3 . From the individual trajectories, it is clear that most atoms fly by the ion without causing much effect. One in a few 100 collisions, however, is of the Langevin type causing significant energy exchange. The ion quickly heats up to temperatures much higher than the atomic cloud temperature of 2 µK. These observations are in line with the findings of references [12, 14] . If we simulate more collisions, finite size effects start to limit the accuracy of these calculations, as the ionic oscillation amplitude becomes comparable to the radius of the sphere of atomic starting positions. For comparison, we also show the results obtained when assuming that the ion is in a timeindependent trap with the same trap frequencies (the secular approximation). Here, we see that the ion slowly thermalizes with the atomic gas. Now, we will study how these dynamics change for the Rydberg-dressed atoms for which the atom-ion interaction is repulsive. We replace V ai (R) byṼ d (R) with A/k B = 27µK and R w = 270 nm leaving all other parameters in the simulation the same. The results can be seen in Fig. 3 : the ion thermalizes slowly with the atomic cloud after about 4×10 3 (1/e) collisions. Starting with an initial ion velocity of 0.02(1, 1, 1) m/s, which corresponds to an initial energy of ∼ 4 µK, we can also simulate cooling of the ion towards the temperature of the atomic gas. Up until now, we have assumed ideal experimental conditions in which the minima of E s (r) and E rf (r, t) are perfectly overlapped. In practice however, stray electric fields may cause the trap center to not coincide with the radio-frequency null. This causes additional ion motion known as excess micromotion [30] . To study its effect, we introduce an additional electric field of E EMM = (0.05, 0, 0) V/m, which displaces the potential minimum by x EMM = 243 nm corresponding to an average kinetic energy of E EMM /k B = m i q 2 Ω 2 x 2 EMM /(16k B ) ≈ 100 µK, and run the simulations. For the repulsive case we find that the dynamics are not affected by the excess micromotion, confirming that the repulsive potential prevents excessive heating of the ion in the Paul trap. Indeed, we repeated the simulation assuming a time-independent potential with the same secular trap frequencies and see no differences beyond statistical fluctuations due to the random atom sampling. Hence, the repulsive potential al-
FIG. 3. Collision dynamics for an
171 Yb + ion in a Rydbergdressed Rb gas with repulsive interactions and Ta = 2 µK. The ions heats up from Tion = 0 to about 1.8 µK, corresponding to near-thermalization. Excess micromotion due to a DC field of EEMM = 0.05 V/m does not affect the thermalization dynamics, which is completely equivalent to that expected for an ion trapped in a time-independent trap with the same secular trap frequencies. For the curve starting at around 4 µK, we gave the ion an initial velocity of 0.02(1, 1, 1) m/s and we simulate cooling towards the atomic gas temperature. The fastest thermalization curve shows the results for the combination 87 Rb/ 9 Be + . The inset shows results for ground state atoms, in which the interaction is attractive. Even without excess micromotion, the ion quickly heats up to temperatures higher than the atomic cloud. This is in stark contrast to the case where we make the secular approximation, where we see that slow thermalization would occur. All results represent the average of 50-100 runs.
lows us to make the secular approximation in the hybrid atom-ion system for the parameters used. Note that the assumption that the atom and ion cannot undergo short range collisions still holds in this case as long as the amplitude of oscillation r EMM = qx EMM /2 ∼ 10 nm
Finally, we study the effect of the atom-ion mass ratio for the repulsive case. For attractive atom-ion interactions it is well-known that stable cold trapping can only be achieved as longs as m a m i , with m a the mass of the atom [14] [15] [16] [17] [24] [25] [26] . To see how this changes for the repulsive case, we repeated the simulations for the combination 87 Rb/ 9 Be + , whose mass ratio lies far outside of the range where thermalization can be expected. As can be seen in Fig. 3 , this combination also remains within the ultracold regime when the interactions are repulsive, thermalizing after about 2×10 3 (1/e) collisions. Experimental issues -For the calculations in this paper we have neglected the effect of the ionic trapping fields on the dressing of the atom. This is justified since the trapping field at maximal amplitude is much smaller than the field of the ion at the dressing point: Max(E PT (R w , t))/E ion (R w ) ≈ 10 −4 (≈ 10 −5 for 9 Be + ), such that we can safely neglect these fields. Far away from the center of the trap, however, the maximal amplitude of the trapping fields become similar to E ion (R w ). For the numbers used in this work, this occurs only at R ≈ 1 mm from the trap center, such that we can also safely neglect the effect of the dressing on the atomic cloud far away from the ion.
For the simulations, we assumed that only a single atom was interacting with the ion at the same time, which would require a density of ρ a ≤ 1/R 3 w ≈ 10 19 m −3 . Assuming an atomic density of ρ a = 10 18 m −3 and T a = 2 µK, we have a flux of about 6×10 5 atoms/s entering the sphere of R = 2 µm, such that each collision in Fig. 3 amounts to a few µs. We estimate an upper bound to the photon scattering rate as Γ ≤ f Γ 19S ρ a R 3 w ≈ 10 Hz, for ρ a = 10 18 m −3 and with Γ 19S the decay rate of the Rydberg state and f the probability for an atom to be found in the Rydberg state:
. Therefore, we expect that photon scattering will not affect the collision dynamics considerably. For increasing ion temperatures, there is a probability that the atom makes it over the repulsive barrier in a collision. To investigate this regime, we simulated 2×10
5 collisions between atoms with T a = 2µK and T ion about 100 µK and found that in 146 instances, the atoms approached the ion to distances below R w /2, such that they entered the inner regime of the dressed potential. For T ion around 10.6 µK, the number of atoms entering the inner part of the potential dropped to zero, as described in more detail in Appendix C. We conclude that our scheme works best for ions and atoms that are precooled into the ultracold regime before the systems are merged. Finally, we estimate the probability P tunnel for the atom to tunnel through the potential barrier to be
, with µ ai the atom-ion reduced mass, such that we can safely neglect this effect.
Conclusions -We have shown that trapped ions in Rydberg-dressed gases are stable against micromotion assisted heating when we design the dressed atom-ion potential to be repulsive. To engineer this repulsive interaction, a scheme that employs one-photon dressing on a dipole forbidden transition can be used. While Rydberg states with negative polarizability could also be used to engineer repulsive atom-ion interactions, these are not always available or can be hard to spectrally resolve. In contrast, the scheme proposed in this paper works for any alkali atom and avoids close-by spectator states by employing Rydberg states without orbital angular momentum, which generally have large energy separations from other Rydberg states. The scheme may be employed for a wider range of atom-ion mass ratios than is the case for the attractive atom-ion system. The results may be of interest when studying atom-ion interactions in the quantum regime and may find applications in hybrid quantum computation or simulation approaches [6, 27, 31] and the study of polarons [32] in these systems.
To obtain the adiabatic potential, we diagonalise
and
so that we can expand to second order in |Ω(R)| and |Ω (R)| to find:
with A(θ, φ) =
. The angular dependence of β is expressed as:
Where E L (θ, φ) denotes the projection of the laser electric field onto the electric field of the ion. Now we set EL = (0, 0, EL) such that β(θ, φ) = β0 cos θ and E L = E L(1, i, 0)/ √ 2 such that β (θ, φ) = β 0 (i sin θ cos φ + sin θ sin φ). In this situation,
which results in a spherically symmetric potential if we set Rw = R w and |β0| 2 /C nS 4
, which can be done by tuning ∆0, ∆ 0 and the laser intensities.
Appendix B: Determination of ion temperature
The explicit time dependence of the electric trapping field obstructs a straight-forward definition of some physical quantities such as energy and temperature. Nonetheless, if the time dependence of the external field is periodic and the underlying equations of motion are linear, we are able to apply Floquet's theory and the problem can be decomposed into a part which oscillates with the same period as the external field and a part, referred to as the secular part, which is time independent [33] . Often useful physical quantities can be constructed from the secular problem and its solution, e.g. in systems of multiple ions energy and temperature can be defined via the secular solutions of the linearized problem. For the combined system of atoms and ions we do not have a closed form for the solution at hand, but in the considered case of low densities the system will evolve as the uncoupled one for time periods in which all atoms are spatially well separated from the ion. During those time periods the interaction forces can be neglected and a measurement of the secular energy of the isolated ion system is possible. The ion's secular energy E can be determined via its secular frequencies ωi, i = x, y, z, and the amplitude of the orbit's secular component. For a single ion in an oscillating electric field EPT(r, t), as defined in Eq. 7 of the main text, with appropriately chosen trap parameters the equations of motion can be solved analytically and the solutions take the following approximate form
z(t) = (Cz cos(ωzt) + Sz sin(ωzt)) .
Here we neglected correction terms which oscillate faster than the trap drive frequency Ω rf . Given the ion's position at two instances of time the above system of linear equations can be inverted to obtain the coefficients Ci and Si of the secular solution's cosine and sine part. As a preliminary step the secular frequencies can be determined numerically by fitting the above analytic approximation to a numerically obtained solution. This increases accuracy as compared to the approximate analytical expression for the ωi we gave in the main text. Given all this we can now calculate the secular energy E = i=x,y,z miω
)/2 of the isolated ion system. In the case of the repulsive potential, which we analyzed in the main text, the strong similarity of the thermaliztion process for the full and the secular problem indicates that the ion's secular temperature for this type of potentials is indeed a meaningful physical observable, in contrast to the attractive case.
Appendix C: Over barrier collisions
In our simulations of the classical collision dynamics there is a non-vanishing probability for the atoms to overcome the repulsive barrier. Since the ion is strongly localized, we estimate this to occur when the amplitude of ion oscillation exceeds Rw, or Tion miω 2 R 2 w /(2kB) ≈ 70 µK for the parameters used in this work, withω the average trap frequency. To estimate if those events pose a problem we performed collision simulations where we kept record of the minimal separation dmin between atom and ion. More precisely we simulated the interaction of an ion with a bath of Ta =2 µK atoms for 200 collisions. The result of 1000 such simulations for ion temperatures Tion around 10.6 µK and 100 µK are shown in Fig. 4 and 5. For Tion ≈100 µK we found that in 146 instances out 2 × 10 5 times, the atoms approached the ion to distances below Rw/2, such that they entered the inner regime of the dressed potential. For Tion ≈10.6 µK, the number of atoms entering the inner part of the dressed potential dropped to zero.
We proceed in changing to a rotating frame of the ground state with respect to the dressing laser frequency and perform a rotating wave approximation. This affects onlyĤgS andĤL, which transform tô
To determine the coupling strengths Ω ((n,P,j,m j ),gS) we computed the transition matrixelements with an approximate solution for the ground state wavefunction, which we obtained as in the Rydberg case. We restrict to the case of linear polarization along the direction of the ion electric field and fix the couplings such that they are consistent with the case that neglects the fine structure in the main text, namely Ω (19P,gS) = 2π× 200 MHz. To this end, we rescaled the couplings such that Ω ((19,P,3/2),gS) = Ω (19P,gS) AF S /A with A = P, m l = 0| cos(θ)|S, m l = 0 and AF S = P, j = 3/2| cos(θ)|S, j = 1/2 the angular component of the dipole operator coupling states without fine structure and with fine structure states respectively. The couplings obtained in this way were found to be in agreement with the scaling law Ω ((n,P,j),gS) ∝ n * (n, P, j) −3/2 with n * (n, l, j) = n − δ nlj and δ nlj the quantum defects. Diagonalisation for n = 10..30 and ωL = (E (19,S,1/2) − EgS)/h + ∆ results in the potential shown in Fig. 2 of the main text. 
